Abstract. This note gives an example of closed smooth manifolds M and N for which the rank of M × N is strictly greater than rankM + rankN .
Milnor defined the rank of a smooth manifold M as the maximal number of commuting vector fields on M that are linearly independent at each point.
One of the questions raised by Milnor at the Seattle Topology Conference of 1963, and echoed by Novikov [2] , was is rank(M × N) = rank(M) + rank(N) whenever M and N are smooth closed manifolds?
In this note we give a negative answer to this question.
We need a simple result about mapping tori.
Let f : X → X be a diffeomorphism of a manifold X and let
be the mapping torus of f where
with fiber X. We note that π 1 (M(f )) = π 1 (X) * f Z where * denotes the semi-direct product and f * : π 1 (X) → π 1 (X). 
where
at the same time a basis of Z 2 as a Z-module and a basis of R 2 as a vector space. On the other hand
Therefore the action β referred to the new basis B of Z 2 and R 2 is written now:
where ϕ = f −d and γ = g c .
As the action of the first factor of Z 2 on X × Y is trivial, identifying
Finally from (−n)(−d) = 1 − cm and cm = 1 − dn follows that
On the other hand: Lemma 1. Let f : N → N be a diffeomorphism and let X 1 , . . . , X k be a family of commuting vector fields on N that are linearly independent
Proof. It suffices to construct k commuting vector fields X 1 , . . . , X k on I × N that are linearly independent at each point and such that every X i (t, x) equals X i (x) if t is close to zero and f * X i (x) when t is close to 1 (X 1 , . . . , X k are considered vector fields on I × N in the obvious way). 
The matrix of coordinates of f * X 1 , . . . , f * X k with respect to the basis If f and g are periodic with relatively prime periods m and n respec-
is induced by a nontrivial element of GL(k +r +1, Z). Moreover rank(M(h)) = k + r + 1 . Therefore: 
